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Correct rounding principle: The result of a computation is the same as if it were

first computed with infinite precision, then rounded to the precision of the
destination format.

However, real hardware has finite precision, sometimes higher than the target
precision.
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Two solutions:
@ Set a target floating-point precision
® Calculate in the higher precision, then round to the target precision

Problems:
@ Setting a target precision is costly
® Double rounding can introduce inaccuracy
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Motivation

Double Rounding

When using the same rounding mode, double rounding can lead to less precise
results.

second rounding
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first rounding
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Figure: B, is the extended precision, By, is the working precision
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Main Idea 1

Can we avoid this problem? — Round-to-Odd!

Rounding to odd first in the extended precision always produces correctly rounded
results
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Round-to-Odd

Definition (Round to Odd [TC08])
Denote by A rounding towards oo and by 57 rounding towards —oco

X ifxel
Ooga(X) = ¢ A(x) if its mantissa is odd M
v(x) otherwise

Intuitively, round-to-odd keeps a value the same if it is representable, else it rounds
to the neighboring FP number whos mantissa is odd

(POSTECH) FPC Lab 7145



Round-to-Odd
Double Rounding

Theorem

Assuming p > 2, k > 2, and E; > 2 + E,, where —E, and —E,, represents the minimum
exponent of the extended and working precisions respectively,

Vx €R, oP(OPHH(x)) = oP(x)

where o(x) means round-to-nearest-even

In other words, double rounding where the first rounding mode is round-to-odd
always produces the correct result.
The theorem can be extended to other rounding modes.
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Round-to-Odd

Applications?
° FMA
e |terative algorithm for sum of FP numbers
e Polynomial approximation [POPL22]
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Motivation 2

Polynomial Approximation

Many math libraries don't produce correctly rounded results for all possible inputs
and multiple rounding modes

— Can we create a single polynomial approximation that produces correct results for
all inputs & multiple rounding modes?
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Motivation 2
Polynomial Approximation

Yes!

Main Idea: Generate a polynomial approximation using round-to-odd mode with
n+ 2 bits (i.e. Ty 2)

Notation: We denote by T, the FP representation with n bits, and IFj, g the set of
values with total n bits and |E| bits for the exponent
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Background
Rounding

Let vg be a real value. Denote

Vsm = max{Vv € F, gV < g} (2)
Vig = min{V S F”JEHV > VR} (3)

The rounding mode, represented by rm, specifies whether v is rounded to vsm or vy
We denote the rounding function in the representation T, as RNr, rm(Vr)
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Background

Rounding

IEEE-574 specifies 5 rounding modes

i G i o s i g

(even) midpoint "Ig odd Vem (0dd)  midpoint v|g(even 'sm  Midpoint Vig sm  Mmidpoint Vig

(a) the rn mode when vy is even  (b) the rm mode when vy is even (c) the ra mode when 'UR< 0 (d) the ra mode when vg > 0

e % 4

Vsm Vig Vsm Vig Vsm Vig Vsm Vig
(e) the rz mode when vg < 0 (f) the rz mode whenvr >0 (g) the ru mode (h) the rd mode

Figure: 5 different rounding modes
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Background

Systematic Method for Rounding

We identify four information (s, v, rb, sticky) from the real value v to correctly
round according to rounding modes. We call these rounding components.

s represents the sign of vg, v~ represents the smaller of vsy, and vjy in magnitude. rb
and sticky tell whether vg is in the middle, or closer to vsy or vig.
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Background
Systematic Method for Rounding

Represent vg with |E| exponent bits and an infinite number of mantissa bits:

By, = b1b2bs - - - bpbpy1bpy2 -
by represents the sign bit, by - - - b1 represents the exponent bits
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Background
Identifying Rounding Components

We identify two positive values v~ and v* adjacent to |vg|, where v= < |vg| < v

For v—, truncate B,, into n bits:

Bv* = 0b2b3 - - - bp_1bn

vT is the succeeding value of v= — vt = v= + 1
The following property is satisfied:

vt <w<-v ifrg<0 (s=-1) @)
vo<wp<vth ifwe>0 (s=1)
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Background
Identifying Rounding Components

Rounding bit: The (n + 1)"-bit of B,

- < v vt _
{v < wr| < 3 rb=0 (5)

VT gl < vt b=
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Background
Identifying Rounding Components

rb alone doesn't tell us whether || = % When does this happen?
— || = % when b,.1 = 1 and all bits starting from the (n + 2)"-bit is 0
— Determine if all bits starting from b, > is 0

Sticky bit: The bitwise OR of all bits starting from the (n + 2)-bit

sticky = bp2|bn+3|bnal - -
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Background

Identifying Rounding Components

rb =1, sticky =0 rb = 0, sticky = 0
rb =1, sticky = 1\
O &
A
+

v -v
(a) rn rounding when s = -1 and bit-string of v_ is even

rb = 0, sticky = 1

rb =1, sticky =0
rb = 1, sticky = 1

ﬂ)—

rb =0, sticky =0
+

{(rb =0, sticky = 1
v v

(b) rn rounding when s = 1 and bit-string of v~ is even

rb =1, sticky = 0 rb = 0, sticky = 0.
rb =1, sticky = 1\
O 5
A

+
-V -v
(c) rn rounding when s = -1 and bit-string of v_ is odd

rb = 0, sticky = 1

o

rb = 0, sticky = 0 rb =1, sticky =0
+

rb = 0, sticky = 1 (rb =1, sticky = 1
o
v v

(d) rn rounding when s = 1 and bit-string of v_ is odd

Figure: Rounding Components
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The RLibm Approach

The RLibm approach for computing a function in a representation T consists of 4
steps:
@ Use an oracle to compute correctly roudned result y,, of a function f(x) for each
inputx € T
@ |dentify an interval [/, h] around y,, s.t. any value in [/, h] rounds to y;,
® Rounding intervals are in H

© Range reduction on x to x’, the generated polynomial will approximate the result
for x’, then output compensation will produce the final result for x

® Computation done in higher precision H
® Reverse output compensation to find interval [/, /'] for P(x’)

® Make a polynomial using an LP solver with constraints like /' < P(x') < K
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The RLibm Approach

rounding interval of v, ™~ rounds to  f(x)
— 0 hd a O—— || Iscp+cx+cx2...<h
\2 I A h Vg
(@) (b)

Figure: Rounding Interval
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Generic Intervals
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Figure: Polynomial Generation
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Our goal: For a representation T, where |E| + 1 < k < nand a rounding mode
rm e {rn,ra,rz, ru, rd}, generate a polynomial approximation Ag(x) such that:

ANty rm(Aw (X)) = RNr,rm(F(X))

Main Idea: Create a polynomial approximation that produces correctly rounded
results for T, in round-to-odd mode using a similar method as RLibm.
We call the rounding intervals in this case as odd intervals.
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Main Idea
Round-to-Odd

Define round-to-odd using rounding components (s, v, rb, sticky)

Definition (Round-to-Odd [POPL22])

sx v~ iflsOdd(v~)V (rb =0 A sticky = 0)
s x vt otherwise

Vo = RN’]T,ro(VR) = { (6)

where v* is the adjacent valueto v~ in T

This is the same definition as the previous paper, just stated differently
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Main Idea

Round-to-Odd

All values in this region rounds to wy All values in this region rounds to wg
wq (even) w1 (odd) Wy (even) wg (odd) Wy (even)

Figure: Round to Odd
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Main Idea
Round-to-Odd

We use the fact that double rounding with round-to-odd produces correct results.
More specifically, the following theorem is true:

Theorem

Let vy = f(x) be a real values result of an elementary function and vy, = BNr, ., ro(Vr). Let

v be a value in the odd interval of v,,. Consider a rounding mode rm € {rn,ra, rz, ru, rd}.
Then,

RNTk,rm(V) = RNTk,rm( VR)
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Main Idea

Round-to-Odd

T. vq(even)

(a)

LA, o o

Thyo Wp W4 Wo

v4 (odd)

o~ = o
TnJrE WO W1 W2 W3 W4
v4 (odd)

T, vq(even)

Thye Wo W Wo Wq Wy

Tn

* @O’
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vq (even) vy (odd)

(c)
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Main Idea
Algorithm

1 Function GenerateGenericPolynomial (f, T,+2, H, X, d, RRy, OCyy):
2 O « CalcResultsInRO(f, Tpi2, X)

3 (L,S) « CalcOddIntervals(O, T2, H)

4 if L = (0 then return (false, 0, DNE)

5 (status, P) « RLibmPolyGen(L, H, d, RRy, OCy)

6 return (status, S, P)

Figure: Main Algorithm
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Main Idea

Algorithm

1

10
11
12

13

Function CalcResultsInRO(f, Tpiz, X):
O«<0
foreach x € X do
y = f(x)
(s,v™, rb, sticky) <« RComp(y, Tp+2)
if Is0dd(v™)V(rb = 0 A sticky = 0)
then
| yro —sx0”
end
else
vt GetSuccVal(v™, Thez)
Yro «— s x vt
end
O « 0 U (x,yr0)

end

return O
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1 Function CalcOddIntervals(O, Tyi2, H):

2
3

4

5

o

foreach (x,y,,) € O do

L0

S0

if IsEven(yyo) then

‘ S — SU (x,yr0)

end

else
Yy~ « GetPrecVal (yro, Tni2)
I « GetSuccval(y~, H)
y* « GetSuccVal(yro, Tnez)
h « GetPrecVal(y*, H)
L~ LU(x[Lk])

end

return (L, S)

end
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Main Idea

Singletons

When computing odd intervals, some can be single points, which we call singletons.
In round-to-odd, singletons only arise when the rounded value is even.

Singletons limit the amount of freedom when generating polynomials, so we handle
them separately.
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Main Idea
Singletons

All inputs are rational values. Singletons arise when the output of f(x) is

representable in T, hence rational. We use this to identify singletons beforehand
using properties of the function.

Ex) By the Lindemann-Weierstrass theorem, e* is transcendental if x is a non-zero
rational. Therefore a singleton can only arise when x = 0.
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Proof of Theorem
The round-to-odd result v, in T, o preserves the sign of vg

The only value that rounds to 0 is 0, so all positive values round to positive values and
vis versa. O

From this point onwards, we assume values to be positive.
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Proof of Theorem

Let vio = RNr,., ro(VR). The first (n+ 1)-bits of vy, and vg are identical.

Vio is created using rounding components (Sy,,, Vy,,, rby,,, Stickyy,,). v, is a truncated
value or vg, so all the (n+ 2)-bits of v, and vz are identical.

After rounding v, is either v, or the successor of v, . O
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Proof of Theorem

Let vio = RNr, ., ro(VR). The first (n + 1)-bits of vy, and vg are identical.

Proof.

Case vy, isodd — vio = v, :
All (n + 2)-bits of v, and v are identical

Case v,,, is even — Last bit of v, is O:

(1) rby,, = 0 and sticky,,, = 0, then v,, = v,,,, so the lemma holds

(2) rby,, # 0 and sticky,,, # 0 then v, is equal to the successor of v;,_. The only bit that
changes between v, and the successor is the (n + 2)"-bit. So the first (n+ 1)-bits are
the same. O
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Proof of Theorem

The (n + 2)"-bit of vy, is equal to the bitwise OR of all the bits of v starting from the
(n+ 2)"-pit

Intuitively the lemma states that the last bit of vy, is 0 if and only if all bits starting
from the (n + 2)"-bit of v is 0.

Assume the rounding components are (Sy,, Vy,,, by, Stickyy,, ). Again vy, is either v,
or it's successor.

O

o

34/45
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Proof of Theorem

The (n+ 2)"-bit of vy, is equal to the bitwise OR of all the bits of vy starting from the
(n+ 2)"-pit

Case v, isodd = v =V, :
Then the (n+ 2)"-bit of v, is 1. Since v, is a truncated vg the (n + 2)"-bit of vg is 1.

Case v,,, is even — The (n+ 2)"-bit of v, and v is O:

(1) rby,, = 0 and sticky,,, = 0, then v, = v,_.

By definition, rby,, is the value of the (n + 3)"-bit and sticky,,, is the bitwise OR of all
bits starting from the (n + 4)"-bit. So the bitwise OR of all bits starting from the

(n+ 2)M-bitis 0 O
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Proof of Theorem

Lemma (3)

The (n + 2)"-bit of vy, is equal to the bitwise OR of all the bits of v starting from the
(n+ 2)"-pit

Case vy, is even — The (n + 2)"-bit of v, and v is O:

(2) rby,, # 0 and stickyy,, # 0 then v, is equal to the successor of v;,_.

So the (n+ 2)"-bit of v,, is 1. By similar reasons as above, some bit after the

(n+ 2)M-bit in vg is 1. So the lemma holds. O
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Proof of Theorem

Let (sy, v, , rby, sticky1) and (s, v, , rbo, sticky>) be the rounding components for two real
values vy and v in rounding them to a FP representation Tp. If Sy = Sp, vy =V, ,rby = rbo
and stickyy = stickys, then RNrp im(v1) = RNr rm(v2) for any rounding mode rm.

Follows directly from the definition of rounding components. O
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Proof of Theorem

We prove the following theorem:

Given a real number vg, representations Ty and T, » with same number of exponent bits
that satisfy |[E| +1 < k < n, and a rounding mode rm € {rn, ra, rz, ru, rd}, then

HN’Ek,rm(VR) = RNTk,rm(RNT,,+2,ro( VR))-
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Proof of Theorem

Proof.

Let vio = RNt,., r0(Vr). By lemma 4, we just have to check if the rounding
components for vg and vy, are the same.

Let (s1, v, , by, stickyy) and (sz, v, , rbo, sticky,) be the rounding components for vg
and v, respectively in Ty. Let the representation of vg in extended infinite precision
representation By, be

By, = b1bo - - - bx_1bkbk 11 - - - bpbpy1bpi2bniz - -
By definitions of rounding components the following is true:

B, =Dbibo---by1bx, rby = by, stickys = byya|byys| -
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Proof of Theorem

Proof.
By lemma 2 and lemma 3:

By, = biby - - bg_1bg - - - bpbpiqt, t= bpi2|bpis]---
Since k < nthere are at least one bit between b, and t. The rounding components
are:
B, =bibz---by_1by, rba=byi1, Sstickyz = byy2|byss| - - [bpit

Comparing this with vg we can see that all are the same, hence the rounded result is
the same via lemma 4.

O
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Proof of Theorem

Theorem 2 — Theorem 1.

Let v be a value in the odd interval of v,
— RN’I[‘IH_Z’,'()(V) = Vro

RN’IFk,rm(V) = RNTk,rm(HN']T,Hg,ro(V)) = HN’]Tk,rm(Vro)

So,
HN’]Tk,rm(VR) = RNTk,rm(RN']T,,+2,ro(V]R)) (7)
= RNTk,rm(Vro) (8)
= RNr,,rm(V) 9
O
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Experimental Evaluation

Gen. Gen.
- - # of Poly- | Deg- #of | FP34
Fx) Time # of P_oly Deg #of | FP34 F(x) Time of Poly eg o
(Min.) nomials ree | Terms | ro (Min,) nomials ree | Terms | ro
In(x) 325 210 3 3 v 28 3 4
10% 402 v
log; (x) 420 28 3 3 v 28 3 4
logie(x) | 546 28 3 3 v sinh(x) 143 2° 5 3 v
" 27 4 5 P cosh(x) 135 25 4 3 e
€ 241 27 4 5 sinpi(x) | 308 22 5 3 7
7 cospi 316 22 4 3 v
2 151 27 : .| pi(x)

Figure: Details about the generated polynomials
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Experimental Evaluation

[ | Using RLIBM-ALL H Using glibc double libm H Using Intel double libm \
f(x) rm | rd | ru | rz | ra rn | rd | ru | rz | ra rn | rd | ru | rz | ra
In(x) AR aEarans X X X X X X X X X X

logo(x) | V |V |V | V| V v IV R aRarani
logoo(x) | v | vV | V | V | ¥V X X X X X X X X X X
e* v |V |V v | X X X | v X X X v
2% VI vV X X X X X X X X X X
10* v | v |V v | X X X X v | X X X 4
sinh(x) | Vv | vV |V | V | V X X X X X X X X X X
cosh(x) | v | vV |V | V | V/ v | X X X | v | X X X 4
sinpi(x) | v | Vv |V | V| V/ |[NA[NA[NA NAINA| / |V | V/ | / | X
cospi(x) [ v | vV | V | V | V || NA| NA| NA| NJA|NA|| v | X | / X X
‘ | Using CRLIBM || Using RLiBm-32 ‘

f(x) rn | rd | ru | rz | ra rn | rd | ru | rz | ra

In(x) X V|V | V[ NA|l V| X X X | v

loga(x) | vV | V | V | V | NA|| vV | X X X | v

logio(x) | X vV |V |V |NA||l VvV | X X L4

e* VIV |V NA Y| X X X | v

2% N/A| N/A| N/A| N/A| N/A|| v X X X X

10% N/A| N/A| N/A| N/A| N/A|| / X X X v

sinh(x) | X V|V |V [NA|| V| X X X | v

cosh(x) | v | v | V | V | NA|| vV | X X X | v

sinpi(x) | v v v v | NA| Vv X X X v

cospi(x) | v | V | V | V | NA|| v | X X X | v

igure: Ability to generate correct results for a 32-bitfloat
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Conclusion

This paper proposes a novel method to generate a single polynomial approximation

that produces correctly rounded results for multiple representations and rounding
modes.

Provides the first correctly rounded implementations of elementary functions for
multiple representations.
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The End
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